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Instructions

This exam is composed of two compulsory groups.

Group I is composed of multiple choice questions and Group II is composed of open-ended
questions.

For each multiple choice question, four answer options are presented, of which exactly one is
correct. Indicate your answer by selecting the letter corresponding to the option that you consider
to be correct. Each correct, incorrect or blank/null answer in Group I has the classification of,
respectively, 1/20,—0.33/20 and 0/20 points. In case more than one option is selected for the same
question, the answer will be considered null. A negative total for this set of questions adds zero to

the final grade.

All open-ended questions should be carefully justified, and all computations should be

presented. The classification for each question in this group is indicated next to it.
Do not unstaple this booklet.

Do not use any type of corrector. If necessary, cross out.
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Group I

1 (1/20) A student has to take two exams in the same day. The probability of getting a
positive grade on the first exam is 0.6 and the probability of getting a negative grade on both
exams is 0.2. What is the probability of the student getting a negative grade on the second exam,
given that he has got a negative grade on the first exam?

a) 1/8
by 1/3
C) 1/2

d)  None of the above.

2 (1/20) Consider all the five digit numbers composed of numbers in {5, 6,7, 8,9}. What
is the proportion of these numbers with exactly three 5 numbers in its composition?

a) (4/5)3x1/10
b) (4/9)?x1/7
c) (4/7)?>x1/5

d)  None of the above.

3 (1/20) The figure below shows a portion of the graph of a function g, with domain R
and continuous on R\ {—2}. The straight lines with equations x = —2 and y = 1 are the only
asymptotes of the graph of g.

Let (u,) be a sequence such that lirp g(uy,) = +oo. Which of the following expressions may be
n—->+oo

the general term of (u,)?

2

a) —2+;
1

) -2-1
1

C) 1+;

d)  None of the above.
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4

5

(1/20) Consider the sequence with general term u,, = 27™. What is the value of

lim (uy +uy + -+ u,)?
n—+oo

0
1
Eee)

None of the above.

(1/20) Consider an odd function f, with domain R, such that lir_El (f(x) —3x) = —1.
X—>+ 00

What is the value of lim f(x)?
xX——00

a)
b)
c)
d)

None of the above.

(1/20) Consider the sequence (u,) with general term

2
(—1)?™.In (4n:en ) , ifneven
Un =71 2n4g m )
g (Ve -1), ifn odd

Which of the following propositions is true?

a)
b)

c)
d)

limu, =0
limu, =1

The sequence (u,,) does not admit limit.

None of the above.

(1/20) Consider, on an orthonormal referential in space, the points

A=(001), B=(502), (=(31-3).

Which of the following propositions is true?

a)
b)
c)
d)

The vectors AC and BC are perpendicular.
The points A, B and C are collinear.
The angle between vectors AC and BC is an acute angle.

None of the above.
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8 (1/20) In the figure below, the shaded region represents a circular crown on the complex
plane.

Im(z)

R
P 0 \

QJ Re(2)

Consider that:

e 0 is the origin of the referential

the point Q is the geometrical image of the complex number —1 + i

the straight line PQ is parallel to the real axis

¢ both circles are centered at the origin

the radii of the circles are 3 and 6, respectively.

Given a complex number z, consider arg(z) to be the argument of z that belongs to the interval
[—m, 7.

Which of the following conditions define, in C, the shaded region, including its boundary?
a 3<|z|<6 /\—7r£arg(z—1+i)£2?7r
b) 9<|z|<36 A—nSarg(z+1—i)S%ﬂ

c) 3<|z|<6 /\—7r£arg(z+1—i)£%7r

d)  None of the above.
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Group II

1 (1/20) The figure below shows a portion of the graph of a function f, with domain R.

In which of the following figures may a portion of the graph of the derivative of f be found? Justify
conveniently.

(A) (B)

(C) (D)




(o) Over 23 University Admission
OOOOOOOOOOOO Mathematics Written Exam 2023

ssssssssssssssssss

2 (2/20) The figure below shows a portion of the graph of a function f, with domain R.

[ |

In which of the following expressions may f'’(x), for x in R, be found? Justify conveniently.

a 9-—x?
b) (x4 3)2
c) —(x-3)?
d x?2-9
3 (2/20) What is the domain of the function f, of a real variable, defined by

In(jx]—1) 9—x2

fe)= 3\/ex+1. In(x) . (exz—\/E)’

for all x? Present all your computations.
4 (2/20) Using exclusively analytical methods, find the set of all x € R that satisfy
9—(x?~1)In|x?-2x| ~ 1

justifying your reasoning and presenting all your computations. Present the solution set as a union
of intervals.

5 (2/20) Consider the straight line r, defined by —2x =1 —y on an orthonormal
referential Oxy. Suppose that r is tangent to the graph of f: R — R, at the point with abscissa 0,
and that g: R — R is defined by

9(0) = @) @x + 12 — s + In(VaZ + 1),

ecos(2x—m)

for all x € R. Find the value of g'(0), presenting all your computations.
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6 The figure below shows a circular cylinder inscribed in a sphere of radius R.

a) (1/20) Show that r, the radius of the base of the cylinder, and h, the height of the
cylinder, satisfy the relation

2

h
(E) + T'z = Rz.

b) (2/20) Find, as functions of R, the dimensions of the cylinder that maximize its volume.

THE END
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Formulae

Progressions

Sum of the first n terms of a progression (uy,):

. . . uitu
Arithmetic progression: % xn

1-r™?

Geometric progression: u; X =

Geometry

Area of the disk: 7r?

Volume of the cylinder: area of the base x height
Derivative Rules

(u+vY=u +v
(uv)=u'v+uv

uy _uv—uv
(T) - 2

WY =nu1u (neR)
(senu) = u'cosu

(

(tgu) =

osu)=—u"senu

’

(@]

-
cos”u

(e*) =u' e*

(@) =u a*Ina (aeR*\{1})

(Inuy =1L
u

o g ; +\ {11

(log,ut) —— (aeR*\{1})
Special Limits

n

1im(1+%) —¢ (nEN)
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Solutions

Group I

c)
a)
b)
b)
©)
©)
©)
©)

PN AW

Group II

)
d)
11,3]
J—00,—1[U |1 = VZ,1[ U |1 + V2,4 o[
2—3e
V3

.b) radius of the base of the cylinder: ‘/?ER; height of the cylinder: 23—3R.

o G W




